New holographic prescription for the model of 3d higher-spin gravity coupled to real matter fields B µν and C, which was introduced in arXiv:1304.7941 [hepth], is formulated. By using a local symmetry, two of the components of B µν are eliminated, and gauge-fixing conditions are imposed such that the nonvanishing component, B φρ , satisfies a covariantly-constancy condition in the background of Chern-Simons gauge fields A µ ,Ā µ . In this model, solutions to the classical equations of motion for A µ andĀ µ are non-flat due to the interactions with matter fields. The solutions for the gauge fields can, however, be split into two parts, flat gauge fields A µ ,Ā µ , and those terms that depend on the matter fields. The equations for the matter fields then coincide with covariantly-constancy equations in the flat backgrounds A µ andĀ µ , which are exactly the same as those in linearized 3d Vasiliev gravity. The two-and threepoint correlation functions of operators in the boundary CFT are computed by using an on-shell action, tr (B φρ C). This term does not depend on coordinates due to the matter equations of motion, and it is not necessary to take the nearboundary limit ρ → ∞. Analysis is presented for SL(3,R) × SL(3,R) as well as HS[ 
Introduction
Recently, higher-spin gravity theory has been studied extensively. Vasiliev et al proposed non-linear equations of motion for infinite tower of higher-spin gauge fields. [1] [2] [3] [4] Although its description based on an action principle is still under investigation, it was conjectured that the higher-spin gravity in 3 dimensions is dual to the 2D W-minimal conformal field theory (CFT) models, [5] [6] [8] [7] [9] and this duality has been studied in the version of the model with linearized scalar fields. [10] [11] [12] [13] [14] Asymptotic symmetry algebra of 3d higher-spin gravity is discussed in [15] , [16] .
It was also noticed that in 3 dimensions great simplifications occur. The higherspin fields can be truncated to only those with spin s ≤ N and the theory with negative cosmological constant in the frame-like approach can be defined in terms of the SL(N, R)×SL(N, R) Chern-Simons (CS) action. [16] Various black hole solutions were found and their properties were studied. [17] [24] Action integral for massless higher-spin fields in the metric-like approach was proposed by Fronsdal. [25] Correlation functions on the boundary conformal field theory (CFT) are studied by using holographic renormalization. [26] Cubic interaction vertices were also constructed. [27] Analysis of 3d spin-3 gravity in the metric-like approach was studied in [28] [29] [30] .
Although 3D higher-spin gauge theory can be formulated in terms of the ChernSimons (CS) theory, this is just a 'pure spin-3 gravity' theory. It is desirable to include matter fields. Actually, there are scalar fields in Vasiliev gravity. [3] [40] In [30] two of the present authors proposed an action integral for matter fields interacting with higher-spin gravity. Matter fields are a 0-form C and a 2-form B = In this paper we will extend the analysis of this model by treating the CS gauge fields as dynamical variables. In this model, the equations for motion of the CS gauge fields, A µ andĀ µ , are given by F = − for gauge fields, and covariantly constancy conditions for scalars, dC + AC − CĀ = 0 and dC +ĀC −CA = 0. [12] It has been difficult to have an explicit realization of an action integral which yields these equations of motion. We will analyze the solutions to the equations of motion for our model, and find that they are also solutions to the equations of motion for linearized 3d Vasiliev higher-spin gravity with flat gauge fields A µ andĀ µ , when the gauge fields A µ andĀ µ are split into flat gauge fields A µ andĀ µ , and the parts A BC µ andĀ BC µ which are written in terms of the matter fields. Hence our model may be regarded as an effective Lagrangian formulation of linearized 3d Vasiliev gravity. 1 Key point is a local symmetry of our model which allows us to eliminate two of the three components of the matter field B µν , and to impose gauge fixing conditions which make the equations of motion for the surviving component B φρ take the same form as those forC in Vasiliev gravity. This is the first main result of this paper.
Now that we have a Lagrangian formulation, we will substitute the solutions to the equations of motion into the action integral, and study AdS/CFT correspondence. The correlation functions of the boundary CFT, dual to 3d higher-spin gravity coupled with master fields, have been calculated by means of bulk-boundary propagators. [45] [10] [11] While this method is very elegant, this does not capture peculiar properties that stem from the covariant-constancy condition for matter fields, which will be discussed in the following paragraphs. AdS/CFT is a duality between bulk AdS gravity (string) theory and CFT (large N gauge theory) on the boundary. [35] [36] [37] Explicitly, it states that the generating functional of the correlation functions in the boundary CFT is given by the on-shell action of the bulk gravity, with the boundary conditions for the bulk fields on the boundary as the source functions for the operators. Since there has been no Lagrangian formulation for 3d higher-spin gravity with matter coupling, this on-shell action method could not be employed, and bulk-boundary propagator was used to compute two-point functions. This latter method is based on the fact that in the AdS 3 background the trace of the scalar field C satisfies massive Klein-Gordon equation. [3] [12] Then, in analogy with the AdS/CFT correspondence for scalar fields in AdS space, two-point functions and the spectrum of conformal weights can be derived from the solutions with delta function boundary conditions for the scalar fields, by assuming the existence of a conjugate operator. It would, however, be more interesting, if one could derive the same results by means of the conventional on-shell action method. Furthermore, it would be difficult, if not impossible, to generalize the method by means 1 See the last paragraph of sec. 3. of the bulk-boundary propagator to fields other than scalar fields, such as spin- 1 2 fields. One of the purposes of this paper is to cope with this problem.
We found that the on-shell value of the action integral does not yield a correct generating functional of correlation functions for boundary CFT, which respect W algebra symmetry, and at the same time, that this on-shell action can be eliminated by local boundary counterterms. We then found a new local term, tr (B φρ (z,z, ρ) C(z,z, ρ)), which yields appropriate correlation functions in the boundary CFT. Due to the equations of motion (covariantly-constancy conditions), this term turns out independent of all coordinates z,z, ρ. All data on the matter fields are stored in the internal space located at a single point in the spacetime. In some sense, holographic screen for the matter fields in this model is inside the internal space at one point in space time. Hence the near-boundary limit ρ → ∞ is not necessary. This is the second main result.
In our BC model, there are many solutions to the classical equations of motion.
Some of them are dual to the primary operators in the boundary CFT, while the others correspond to the descendants of the primaries. These can be distinguished by calculating the three-point correlation functions,
O (z 1 ) andŌ(z 2 ) are operators dual to solutions of the equations of motion, and J (s) (z 3 ), the spin-s current. When O (z 1 ) andŌ(z 2 ) are primary operators of W algebra, the three-point functions must satisfy appropriate relations with the twopoint functions < O (z 1 )Ō (z 2 ) >. The correlation functions of scalar operators obtained agree with those obtained by means of the bulk-boundary-propagator. We also computed three-point functions of two-primary operators and a spin-s current by calculating the gauge variation of the on-shell action. Although the action integral is invariant under residual gauge transformation after gauge fixing, the solutions to the equations of motion are not, and the on-shell action changes.
In the usual AdS/CFT correspondence for scalar fields, there exist two prescriptions for obtaining correlation functions of CFT; standard and alternate quantizations. [39] [38] For some range of the scalar mass, there are two operators O ± with scaling dimensions ∆ ± . Only a single operator can be realized in CFT in each quantization. In the HS[λ] × HS[λ] higher-spin gravity theory coupled to matter fields, there also exist operators O (0,0) , O (1, 1) and their conjugatesŌ (0,0) ,Ō (1, 1) with two different scaling dimensions in the boundary CFT. It is shown that in our prescription for computing correlation functions with the boundary action tr (B φρ C), both types of operators can be quantized at the same time, and the off-diagonal correla-tors such as O (0,0) (z 1 ,z 1 )Ō (1,1) (z 2 ,z 2 ) vanish. So our AdS/CFT correspondence is different from the usual one for scalar fields considered in [37] [38] . This is the third main result.
We also examined HS[ This paper is organized as follows. In sec.2 we will review our model for 3d higherspin gravity coupled to 0-form (C) and two-form (B) matter fields. Its symmetry and gauge fixing procedure is explained. In sec.3 the equations of motion in the gaugefixed form are solved. It is shown that the solution obtained here is also a solution to the equations of motion in linearized 3d Vasiliev gravity. In sec.4 the action integral including the surface term is evaluated for this solution. This on-shell action has a form which can be eliminated by appropriate local boundary counterterm. In sec.5
we choose the flat gauge fields A,Ā to be AdS 3 , and evaluate the on-shell action of sec.4 for various solutions in SL(3,R) × SL(3,R) higher-spin gravity. This onshell action does not yield appropriate two-and three-point functions. In sec.6 we propose a new boundary action, and show that this gives correct two-and threepoint functions. In sec.7 our method is applied to HS[ 
Model
In this section we will review the model of 3d higher spin gravity coupled to matter fields, which was introduced in [30] . This model is defined by an action integral S CS-BC = S CS + S BC , where S CS is Chern-Simons (CS) action [16] 
Here M = R × Σ is a 3d manifold and Σ is a 2d manifold with boundary ∂ Σ ∼ = S 1 .
In this section the properties of this model is explained by using spin-3 gravity as an example. Later in sec.7, the model extended to higher spin gravity based on
] algebra will be considered. A = A µ dx µ andĀ =Ā µ dx µ are two SL(3,R) gauge fields. They take values in sl(3,R) Lie algebra and can be expanded into a basis of sl(3,R). 2 These are related to vielbein e = e µ dx µ and spin connection ω = ω µ dx µ as A,Ā = ω ± 1 ℓ e. ℓ is a constant related to the cosmological constant − 2 ℓ 2 . The level k in front of the two terms is related to the 3d Newton constant G as k = ℓ/4G. The second term of the action is given by
This is the matter action and C is a real zero-form and B = 1 2 B µν dx µ ∧ dx ν a real two-form field. Both fields are 3 × 3 matrices and have trace components.
We now discuss the symmetry of the action. There are three kinds of symmetry.
Firstly, because this action is first-order in derivatives, and is constructed as the integral of products of differential forms without an explicit metric, it is invariant under diffeomorphism. Secondly, it is invariant under SL(3,R) × SL(3,R) gauge transformation, with U andŪ being SL(3,R) matrices,
The diagonal SL(3,R) is local Lorentz transformation and the off-diagonal one is local translation. [16] [31] [32] . In the pure spin-3 gravity case, the local translation coincides with the ordinary diffeomorphism and the spin-3 transformation in the metric-like formalism. When the matter fields are coupled to spin-3 gravity, a subgroup of the local translation in the metric-like formalism does not coincide with diffeomorphism. [30] In addition to these symmetries, there is a third one. Action S CS-BC has the 2 Our notation for sl(3,R) algebra is collected in Appendix A.
following local symmetry.
Here Ξ = Ξ µ dx µ is a one-form gauge parameter function which is also a 3×3 matrix.
The trace terms on the righthand sides of δ Ξ A and δ ΞĀ are introduced to ensure the tracelessness of A andĀ. The transformation (2.4) with
where Σ is a zero-form, reduces on shell to SL(3,R) × SL(3,R) gauge transformation (2.3) with gauge parameters depending on CΣ and ΣC. [30] Let us review the Hamiltonian analysis in [30] . Since the action is first-order in derivatives, and is constructed as the integral of products of forms without an explicit metric, it is already in a form of Hamiltonian. By singling out the time-components of fields, we rewrite S CS-BC as
Here ǫ ij is a Levi-Civita symbol for the spatial components, and ǫ φρ = +1. The coordinates are t, φ and ρ. The last term is a boundary term on ∂M = R t × S 1 φ , which appeared after partial integration. Functions ψ,ψ and χ i are defined as
Here F = dA + A ∧ A andF = dĀ +Ā ∧Ā are field strengths.
The momentum P conjugate to C is given by P ≡
16π ǫ ijĀ j , respectively. The momentum Π i B conjugate to B ti does not exist, and the primary constraint Π i B ≈ 0 generates a secondary constraint χ i ≈ 0. Similarly, the momenta π A and πĀ conjugate to A t andĀ t , respectively, obey π A ≈ πĀ ≈ 0. These lead to secondary constraints, ψ ≈ 0 andψ ≈ 0. The Hamiltonian is a sum of Lagrange multipliers times these constraint functions.
Constraints π A ≈ πĀ ≈ Π i B ≈ 0 are first-class. This means that A t ,Ā t , B ti , as well as π A , πĀ, Π i B , are unphysical. So, by means of (2.4), we can gauge fix B tφ , B tρ such that B tφ = B tρ = 0. The two constraints ψ andψ generate SL(3, R)×SL(3, R) gauge transformations, and are first-class. The function χ i , the generator of the local transformation (2.4), transforms covariantly under these gauge transformations, hence χ i ≈ 0 is also first-class. Now, the gauge fields A i are eliminated by ψ ≈ 0 and an appropriate gauge fixing, and are non-propagating in the bulk. So areĀ i .
As for χ i , the role of these constraints is not to eliminate C, but to determine the derivatives of the field C in the spatial directions, φ and ρ. Corresponding to χ i , we thus propose to fix gauge by the conditions
In this way, fields C and P are determined by their values at a sinlgle point in space time. The number of constraints is larger than that of fields, and there are no physical degrees of freedom. 3 Combining the gauge fixingχ i ≈ 0 with the equation of motion for P , 4 we obtain the set of equations for P ,
This provides the counterpart of the equations of motion for C, ∂ µ C +C A µ −Ā µ C = 0.
Solution to the Equations of Motion
The equations of motion are given by
The analysis in this section also applies to HS[λ] × HS[λ] higher-spin gravity with 0 ≤ λ ≤ 1. In this case, however, the internal space becomes infinite-dimensional. This means there are an infinite number of fields, and even in the presence of the constraint χi = 0, there remains a propagating degree of freedom, tr C. In AdS space, tr C satisfies Klein-Gordon equation and has a non-polynomial solution with a delta-function boundary condition at space-like infinity. 4 Recall that we set B tφ = Btρ = 0. The equation of motion for Bµν is (3.4) below.
As discussed in the previous section, we adopt the gauge fixing conditions
Then the equations of motion for the gauge fields are
F tφ = 0, (3.7)
There are similar equations forĀ. The equations for B φρ are given by
These are similar to those for C,
To solve these equations, we need to gauge fix A,Ā. This is done by the condi-
Here b(ρ) is a function of only ρ. This gauge fixing is always possible. [16] The equation for
, which follows from (3.6), can now be solved to yield
a t is an arbitrary function of t and φ. The equation for A φ , (3.8), can be rewritten
One can show that the righthand side is independent of ρ, because ∂ ρ (bC b) = 0 due to (3.10) and ∂ ρ (b −1 B φρ b −1 ) = 0 due to (3.9) . Hence the solution to (3.14) is obtained as
Here ρ 0 is a constant, which parametrize the solution, and a φ is an arbitrary function of t and φ. The second term on the right corresponds to a torsion. [30] Finally, (3.7)
follows, if a t and a φ satisfy an equation,
Now by using (3.10) we can show that
Hereā t is defined later in (3.30) by solving forĀ t as in (3.13) . Combining this with a similar equation for B φρ ,
which is obtained from (3.9), we find that
Trace of this equation leads to ∂ t tr (CB φρ ) = 0. Hence the terms in the second line of (3.16) cancel out:
Therefore except for the extra term (3.15) in A φ , the solution for the gauge field is the same as that in the pure spin-3 gravity obtained in [16] . In the following, we will set a gauge condition
Here we pause for a moment to consider the boundary conditions on the gauge fields. To make the variation problem well-defined, we must impose appropriate boundary conditions. When we vary the action with respect to A,Ā, B and C, we obtain boundary terms
The variation term ∂M tr B δ C drops, because B tφ = 0. In the pure spin-3 gravity, natural boundary conditions were [16] A − boundary =Ā + boundary = 0. (3.24) Then the gauge fixing (3.21) ensures A − = 0 everywhere on shell. [16] When the matter fields are coupled, however, we obtain from (3.13) and (3.15) that
This does not vanish as ρ → ∞, and we cannot adopt the boundary conditions (3.24) . Instead, we impose the following conditions.
As discussed at the end of sec.2, fields C and B φρ on the boundary are completely determined in terms of their values at a single point in the bulk by the covariantconstancy conditions (3.9) and (3.10). Hence the boundary condition (3.27) will be appropriate. When the vielbein is computed from A andĀ, the spacetime is not asymptotically AdS. Furthermore, we need to introduce surface terms on the time-like boundary.
Then the variation of S CS +S surface is given by k 4π ∂M dt dφ tr A + δ A − +Ā − δĀ + . This vanishes, when the gauge field and matter fields are fixed as in (3.26) and (3.27 ).
Parameter of gauge transformation which preserves the boundary condition (3.26) is given by
Because matters transform as δ C = −Λ C and δB φρ = B φρ Λ, the boundary condition (3.26) is covariant under (3.29) . However, the condition (3.27) is not invariant.
As forĀ, by repeating steps similar to those for A, we obtain (3.12) and
Here for simplicity we introduced the same integration constant ρ 0 as in (3.15) .ā i must satisfy relationsā
The boundary condition forĀ + is
Finally, we will solve for C and B φρ . By using (3.10) we have (3.17) and
where the terms of A φ andĀ φ which depend on C and B φρ canceled out. Eqs (3.17) and (3.34) yield the equations
These equations are solved in terms of the ordered exponential (P exp) and antiordered exponential (P exp).
Here C(0) is a constant matrix, and x ± 1 constants. In exactly the same manner,
which are solved for B φρ .
Hence solutions for C and B φρ are expressed in terms of flat gauge fields
To summarize, the solution obtained in this section also satisfies the following
These equations resemble those of 3d Vasiliev gravity with linearlized interaction.
[40] [12] There is a difference, however. In [12] , field C is a complex scalar, and a conjugate of C is introduced and denoted asC. A ∧ A and using (3.1), we obtain
By using (3.5) this is rewritten as −
x+ (similar terms forĀ). Owing to (3.7), the integrand of the second term becomes total derivative terms, tr (
the integral vanishes. We obtain
Here we used the fact that the trace terms do not depend on ρ, and the ρ integrations amount to simply multiplying the integrands by ρ c , where ρ c is a large cut-off representing the location of the boundary.
The surface term (3.28) on shell is given by
By adding (4.2) and (4.3), we obtain the on-shell action
Here (3.37) and (3.38) are used. This is divergent as ρ c → ∞, but the divergence can be cancelled by local boundary counterterms
ρ 1 andρ 1 are some finite constants. Finally, the on-shell action which includes the counterterms becomes finite. It can be re-expressed in a simpler form. it can be shown that the integrand of the first term of (4.6) is independent of x − .
Similarly, that of the second term does not depend on x + , either.
There remains ambiguity in the finite coefficients in front of the above two integrals. Notice that by setting ρ 0 = 2ρ 1 and ρ 0 = 2ρ 1 , we can drop both terms.
In sec.5 we will show that this boundary action does not yield appropriate correlation functions which satisfy W-algebra Ward identities. We will then drop this on-shell action completely by using the local counterterms, and introduce another local boundary action integral in sec.6. In this way the residual gauge symmetry (3.29) will be recovered.
Explicit Solution for C and B in AdS 3 Backgrounds
As we have seen, although the gauge fields A,Ā are not flat in the mattercoupled theory, the fields a,ā (A µ ,Ā µ ) are flat, and it may make sense to discuss matter fields associated to AdS 3 background. As a warming up, in this section we will compute the solutions for these fields in AdS 3 , and evaluate the on-shell action (4.6) in SL(3,R) × SL(3,R) theory. In sec.7 higher spin gravity with HS[
] gauge symmetry will be considered.
For asymptotically AdS 3 spacetime, a andā are given by [43] 
and b(ρ) by
For matrices L i see appendix A. The AdS 3 spacetime in the Poincaré patch is given by L =L = 0, and the one in the global patch is obtained by the choice
. In what follows we will consider AdS 3 spacetime in the Poincaré patch. So we set a = L 1 dx + andā = −L −1 dx − , and the metric is given by ds 2 = ℓ 2 (dρ 2 + e 2ρ (−dt 2 + dφ 2 )).
We Wick rotate the spacetime to Euclidean AdS 3 , by replacements x + = t+φ → φ − iτ = z, x − = t − φ → −(φ + iτ ) = −z. From (3.37) and (3.38) we write down the formulae for C and B φρ .
Here z 1,2 ,z 1,2 are complex numbers which specify the locations of CFT operators.
We checked that the components of C B φρ and B φρ C behave at most as e 2ρ for ρ → +∞. For the two operators dual to the sources C and B φρ , respectively, to have same conformal weights, constant matrices C(0) and B φρ (0) must satisfy the following pairing rule for eigenvalues of L 0 .
In this case, ρ-dependence of both C(z,z, ρ) and B φρ (z,z, ρ) is C(z,z, ρ) = e (h+h ′ ) ρ C(e ρ z, e ρz , 0) and similar expression for B φρ . There are 9 pairs to take into account. Out of them the following three yield non-vanishing on-shell actions.
(1.)
The formula (5.4) and (5.5) give C(z,z, ρ) and B φρ (z,z, ρ), and then (4.6) gives the on-shell action. The above choices for C(0) and B(0) lead to the following on-shell action integrals.
on shell = 4μ
Note that the integrands do not depend on z andz. As mentioned at the end of sec.4, the two integrands of (4.6) do not depend onz and z, respectively. Furthermore, the above integrands do not depend on both coordinates, because a + andā − are constant for AdS 3 . These on-shell actions would be expected to give two-point functions. If the coefficients of both terms in S
on shell were non-zero, then the twopoint function does not have a suitable form, (z 1 − z 2 ) −2h (z 1 −z 2 ) −2h . We must set either coefficient to zero by adjusting the parameters of the solutions; ρ 0 = 2 ρ 1 orρ 0 = 2ρ 1 −1) , which corresponds to a Klein-Gordon scalar Φ = tr C [13] , is missing. In the on-shell action S (1) on shell , the two terms have forms ∂ z 1 (z 1 − z 2 ) 2 (z 1 −z 2 ) 2 and ∂z 1 (z 1 − z 2 ) 2 (z 1 −z 2 ) 2 , respectively. The derivative ∂ z 1 in the first term comes from an a + = L 1 insertion in (4.6),
This is again a result of the fact that a + is a constant matrix. Similarly, in the second term, ∂z 1 comes fromā − = −L −1 insertion. If there were no a + ,ā − insertions, then the spectrum of the conformal weights would be (h ′ ,h ′ ) = (−1, −1), (−1, 0) and (0, −1). In the next section we will consider a different boundary action and obtain the scalar operator.
Let us study the boundary conditions which these solutions satisfy. We compute the traces of C(z,z, ρ) and B φρ (z,z, ρ) in the three cases (1.), (2.), (3.) . For the first solution we have
(5.12)
These may be formally taken as regularization of delta function e −4ρ δ (2) (z − z i ) [13] , although the powers on the right hand sides have wrong signs to represent delta functions. The others are derivatives of the first one: tr
φρ . Because all components of C are related to tr C [12] , all the four solutions are connected. Hence it is expected that the operators O (i) ,Ō (i) (i = 2, 3) are descendants of O (1) andŌ (1) .
The two-point functions of these operators can be computed from S We now turn to computation of three-point correlation functions involving two operators dual to the solutions C (1) and B (1) , and one higher-spin current, < O (z 1 )Ō(z 2 )J (s) (z 3 ) >. For brevity, from now on, the operator dual to C (1) will be denoted as O , and the one dual to B (1) φρ asŌ. To compute the correlation functions, we need to deform the spacetime from AdS 3 slightly. The deformation of the metric is dual to the stress tensor, and the higher-spin gauge field the higher-spin current. Since the gauge fields a i andā i are flat, these deformations can be achieved by gauge transformation. 6
For an infinitesimal transformation, we write U (z) = 1 + Λ(z). However, the above transformations are slightly incorrect. Since the solutions (3.37) and (3.38) are ordered exponentials, the correct transformations are, by using (5.4) and (5.5),
Let us consider the first term of the on-shell action (4.6),
The variation of the above action to order O(Λ 1 ) will give the three-point function.
The variation is given by
The integrand of the first term depends on z, while that of the second term does not. The form of Λ(z) is given by [12] 7
Here V s m is an spin-s generator of higher-spin algebra, and especially, V 2 m = L m and V 3 m = W m 8 in the case of sl(3, R). In CFT the three-point function <
(5.21) 6 The following presctiption is based on the idea in [12] . Here the gauge transformation (5.13)-(5.14) is applied to the boundary term, not to the propagator.
7 This is related to Λ(ρ, z) in (4.16) of [12] by Λ(z) = e We consider the case of spin 2 (s=2) transformation, and set Λ (2) (z) = 1 2π(z−z 3 ) . When C (1) and B (1) φρ for the solution (1.) is substituted into the second term of (5.19), we have shows that the correlation functions (5.8)-(5.9) are not, either.
New Local Boundary Term
With the observation in the previous section we are forced to set the on-shell action (4.6) to zero by adjusting the parameters of the local counterterms in such a way that µ =μ = 0. Then the residual gauge symmetry (3.29) is recovered.
In order to obtain the generating functional of the correlation functions of CFT operators, we need to introduce new appropriate boundary terms. In this context the example [33] [34] of a free spinor is helpful. In AdS/CFT correspondence for a free spinor ψ, a boundary term ∂M d 2 x √ γψψ is added to the bulk action, 9 because the bulk action vanishes when a solution to the equation of motion is substituted.
This fermion boundary term keeps all the symmetry required.
A simplest prescription would be to adopt the surface term, which appears in the action of a free scalar field in AdS background, after substitution of the solution to the equation of motion and partial integration. Since tr C obeys Klein-Gordon equation with mass m 2 = λ 2 − 1 with λ = 3 [12] , a term like ∂M d 2 x √ γ trB φρ tr C, where γ µν = e a µ e aν | ∂M is the induced metric on the boundary, is expected to work. Here, a derivative on tr C with respect to ρ is not introduced. Such a derivative will simply modify the generating functional by a multiplicative constant. It can be shown that this surface term give an appropriate generating functional for two-point functions. In the case of HS[ (3.29) . Hence, in the remainder of this paper, we will not exploit this boundary term. 9 γij is an induced metric on ∂M.
We propose the following new local boundary term.
Here g is a constant different from zero. A is the area of the boundary. This boundary term will be added to the action integral from the beginning. Addition of a new boundary term modifies the theory. The relative coefficient between the term (6.1) and the other part of the action (2.1)+(2.2)+ (3.28) is not determined in the present context, and we will simply set the coefficient of (6.1) to a nonvanishing constant g. The above term (6.1) is invariant under the residual gauge transformation (3.29) . When the solution to the equations of motion is substituted, this trace is independent of ρ. 10 Hence actually, the limit ρ → ∞ is not necessary.
The reason for this peculiar phenomenon is that the equation of motion for C makes the solution a parallel transport of its value at a single point, and that (6.1) is gauge invariant. The data of the fields are transfered to the internal space. Hence the term (6.1) captures the property of the matter fields more properly. It will be shown that the above boundary term (6.1) works as a correct generating functional for two-point function and three-point functions. The integrand is also independent of z andz, so that the area A of the boundary will be cancelled out. So (6.1) can be replaced by S new bdry = g tr B φρ (z,z, ρ) C(z,z, ρ) .
When the solution (1.) in sec.5 is substituted into (6.1), we obtain the following on-shell action.
The two-point function of the operators O andŌ dual to C (1) and B (1) are given by 
For spin-2 transformation with Λ(z) =
, the variation of the action with the solution (1.) substituted, is given by
Hence the solution satisfies the relation (5.21). For spin-3 transformation with
new bdry .
(6.5)
Hence the operators O andŌ dual to C (1) and B
φρ are primary ones.
7 Matter Fields Coupled to HS[
The above analysis can be extended to the 3d higher-spin gravity based on
gauge symmetry. [11] In the action integral S CS−BC , product of matrices A µ ,Ā µ , C and B µν must be simply replaced by their lone-star product ⋆[41] [12] .
When the parameter λ is equal to 1 2 , this product reduces to a Moyal product * , and the calculation simplifies. [12] In what follows, we will restrict discussion only to this case. The Moyal product of two functions is defined by
Here y α , u α and v α (α = 1, 2) are twister variables, with uv = ǫ αβ u α v β , and ǫ 12 = 1.
The * -commutator of y α is given by [y 1 , y 2 ] * = 2i. The generators of hs[ 
Especially, s=2 generators satisfy the algebra of
The trace operation is replaced by
In this section the matter fields are extended to include odd polynomials of y α .
They are split as 
New Eigenfunctions of V 2 0
The eigenfunctions of V 2 0 are given by [11] f mn (y) ≡ y m 1 * e −iy 1 y 2 * y n 2 .
(m, n = 0, 1, . . . ) (7.6)
These functions satisfy
This fact (for m = n = 0, 1) was used in [11] to construct two scalar functions Tr C ± .
However, in this case the eigenvalues of (7.7) are all negative. This does not fit to our purpose.
Let us define another set of eigenfunctionsf mn (y) bỹ
It can be shown that this satisfies the equations.
(7.9) (7.6) and (7.8) allow us to define pairs of C(0) and B φρ (0) that obey (5.6). There are two types of assignments of eigenfunctions f mn andf mn .
A.
(m, n = 0, 1, . . . ) (7.10)
B.
(m, n = 0, 1, . . . ) (7.11)
Two-Point Functions
The new boundary action (6.1) for this model is given by the following two traces. These on-shell actions can be computed by using the method in [11] . Some new formulae are presented in appendix B. By differentiating (B.3) with respect to z 1 andz 1 necessary times, we obtain S (A,m,n) new bdry .
−n (7.14)
Here formula (7.5) is used to move y n 2 in the middle of the trace to the leftmost. Note that the limit ρ → ∞ is not taken.
The second surface on-shell action S Here η i and ξ i are sources for y i , and and B a left-upper triangular one. We will not consider this type of solutions.
Primary Operators
Let us now identify primary operators. The A-type solutions
can be classified into four sets according to the values of m and n (mod 2Z).
(z−z 1 ) y 2 1 * y is the conformal weight. Since y 2a 1 and y 2b 2 can be replaced by (∂ z ) a and (∂z) b , respectively, up to multiplying constants, the solutions with a ≥ 1 or b ≥ 1 correspond to descendants. There are four solutions C (ν 1 ,ν 2 ) which are dual to the primary operators.
Solutions C (0,0) and C (1, 1) are already obtained in [11] and denoted as C − and 2iC + .
y T S y , (7.18)
Here |L| and S have the following expressions.
The traces of these fields formally behave for ρ → ∞ as
In analogy with the usual AdS/CFT correspondence for a scalar field φ(x) [37] [38], these traces are expected to be sources of scalar operators in CFT on the boundary.
There is, however, a difference between the BC model coupled to higher spin gravity and the ordinary scalar field theory. It is known that there are two ways to quantize a scalar field in AdS [39] , are denoted asŌ (0,0) andŌ (1, 1) . Then the two-point correlation functions of these operators are obtained from (7.14) straightforwardly (without ρ → ∞ limit and Legendre transformation) as
This point is in sharp contrast to the usual AdS/CFT correspondence in a free scalar theory [38] . All primary operators can be quantized in a single quantization. 11
Solutions C (0,1) and C (1,0) do not belong to hs[
], because
y T S y y 2 − e ρ (z − z 1 ) y 1 , (7.26)
y T S y y 1 + e ρ (z −z 1 ) y 2 . (7.27)
They are made up of terms with odd number of y's, and are fermions. These have spinor components.
28)
29)
The components of C (01) behave for ρ → ∞ as
Solution to the equation of motion for a free massive Dirac fermion in AdS 3 with a chiral boundary condition is given by [33] [34]
+mΓ 0 e ρ(−1+mΓ 0 ) ψ 0 (x 1 ).
(7.31)
Here Γ 0 = −iΓ 1 Γ 2 is a gamma matrix in the radial direction, and Γ = (Γ 1 , Γ 2 ), those in the φ, t directions. For a chiral boundary condition which imposes Γ 0 ψ 0 = +ψ 0 , one has (x − x 1 ) · Γ ψ 0 = (z − z 1 ) Γ 1 ψ 0 . By comparing this expression (7.31) with the two components (7.28), one can identify, if one sets m = 0,
The components of C (10) (7.29) can also be related to anti-chiral spinor ψ 0 with Γ 0 ψ 0 = −ψ 0 . The operators dual to tr (C (01) * (y 1 −y 2 Γ 1 )) and tr (C (10) * (y 2 +y 1 Γ 1 )) will be denoted as O (0,1) and O (1, 0) , respectively. The solutions B (ν 1 ,ν 2 ) φρ can also be computed, andŌ (ν 1 ,ν 2 ) are defined similarly. Two-point correlation functions of these operators are obtained from (7.14) as however, lies in the difference of the relative signs of the two terms in (7.22) and (7.23) . This might lead to non-unitarity of CFT. In the calculation of the twopoint functions presented in this paper this problem does not occur, because the asymptotic behaviors (7.22) and (7.23) are not used.
In appendix C, two scalar propagators on BTZ black hole [47] at λ = 1 2 are studied and it is shown that the results in the literature [11] are obtained by means of our boundary action (6.1). Furthermore, two-point functions of operators with different scaling dimensions vanish. Hence our prescription also works in backgrounds more complicated than AdS vacuum.
Three-Point Correlation Functions
We will compute the three-point functions in order to check the operators discussed in the previous subsection are not just quasi-primary, but really primary ones.
These correlation functions are obtained by gauge transformation of the boundary action S
Discussion
In this paper we studied a model of matter fields coupled to 3d higher-spin gravity, where matter fields are a real 0-form C and a two-form B, and found that the solutions to the classical equations of motion of our theory also satisfy the linearized equations of motion of 3d Vasiliev gravity. A local boundary action which yields two-point correlation functions in the boundary CFT is found, and a method for calculating three-point functions for two primary operators and a spin-s current within the on-shell action method is presented. By using this method in The two-point functions of the fermion operators are also obtained.
HS[
The interesting fact that the on-shell boundary term tr B C does not depend on the coordinates is a consequence of the equations of motion for matter fields, i.e., covariantly-constancy conditions. As a result, our prescription for holography shows a novel feature: it is not necessary to take the near boundary limit. The holographic screen is not at infinity. Data of the bulk is stored in the internal space sitting at a single point in the bulk. Due to the same reason, correlation functions of all the operators with two scaling dimensions ∆ ± in 'boundary CFT' are obtained without doubling the real matter fields C and B.
It will be interesting to extend the present work also to the case of backgrounds other than AdS 3 and BTZ black hole, such as higher-spin black hole geometry, and HS[λ] × HS[λ] gravity with arbitrary λ within 0 ≤ λ ≤ 1. Finally, it is a challenging problem to introduce interactions among matter fields in an invariant way under higher-spin gauge transformations.
A Notations for sl(3,R) algebra
In this appendix notations related to sl(3, R) algebra are summarized.
Let the generators L i (i = −1, 0, 1), W n (n = −2, . . . 2) satisfy an sl(3, R) algebra.
We use the following representation of SL(3,R). 
B Identities involving Moyal products
In addition to the formulae in appendix A of [11] , the following results for Moyal products are useful for the calculation in this paper. 
